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Abstract—Tikhonov-type regularization method for noisy
chaotic time series prediction is investigated. The current
regularized local prediction method is interpreted as one kind of
filter factors to decrease the variance of the predictor. One
drawback in the interpretation is the ignorance of the random
noise in coefficient matrix, another drawback is the relationship
between the regularization parameter and the noise condition is
not clearly explained, so the determination of regularization
parameter has to resort to some techniques such as cross
validation. In this study, local linear model is studied from the
perceptive of the Errors-In-Variables (EIV) modeling, and the
predictor is designed by considering the noise both in coefficient
matrix and right-hand side. The optimal solution can be
obtained by second order convex program (SOCP) if given a
perturbation bound of the noise, and the solution can be
reformulated as a form of Tikhonov regularization, and it will
be shown how regularization parameter is related to the
Frobenius norm of the noise containing in coefficient matrix and
right-hand side. Two demonstrations are presented to show the
validity of the results.

T

I. INTRODUCTION

ime series analysis and prediction is an important
problem encountered in many fields of practical
applications, such as meteorology, hydrology, engineering
and biology. Chaotic signal includes a broad class of time
series, which is sensitive dependence on initial conditions and
has positive Lyapunov exponent. Up to now, many time
series proved to be chaotic and inherently deterministic.
Chaotic time series is nonlinear, which exhibits irregular,
unpredictable behavior. The unpredictability of the chaotic
time series accumulates with time, so long term behavior is
difficult to predict. Deterministic laws have been studied for
scalar time series. According to these rules, many efforts have
been focused on the chaotic time series modeling and
forecasting[1, 2].
The modeling techniques can be generally cataloged into
two basic classes, the local model[3, 4] and the global model
[5,6]
. The former uses local approximation for the nonlinear
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mapping and each point in the reconstructed phase space has
its local linear model if there are enough neighbor points; the
latter tries to fit the whole nonlinear attractor using nonlinear
function. Neural networks play an important role in
constructing a global model in the recent 20 years. The efforts
include: Multi-Layer Perceptrons (MLPs)[5], Radial Basis
Function (RBF)[6,7], Finite Impulse Response Neural
Networks (FIRNN)[8]; kernel methods such as Support
Vector Machines (SVMs)[9] and Gaussian Process (GP)[10];
Recurrent Neural Networks such as Nonlinear
AutoRegressive (NAR) model[11], Recurrent Predictor Neural
Network (RPNN)[12] and Echo State Networks (ESNs)[13].
One objective of these efforts is how to improve the
prediction accuracy within the permission of chaotic rules. In
practice, the noise containing in time series could be more
harmful to the prediction model than the chaotic nature itself.
The prediction performance could be bad because both the
input and the target output of the predictor are subject to noise.
To weaken the influence of noise, one can resort to the
nonlinear noise reduction technique before modeling[12, 14-15].
The noise reduction has been proved to be an efficient
preprocessor step in practical nonlinear time series prediction.
However, the performance of noise reduction is not always
ideal in many conditions, constructing a noise suppression
model is still necessary.
In [7], the noise suppression is converted into the problem
to determine the optimum hidden units number in RBF neural
networks, and in [6], the regularization parameter is taken as
an indicator of the sufficiency of the given training data,
when the data contains considerable noise and uncertainness,
the regularization level should be strong to apply the prior
smoothness constraint on the model. However, quantitative
analysis is lack in these methods to indicate how the error in
the independent variables (input variables) influences the
prediction.
In local linear method, the well-known method is
regularization[4], which is interpreted as one kind of filter
factors to decrease the variance of the predictor. One
drawback in existing results is that the modeling is taken as a
problem of ordinary least-square and the random noise in
coefficient matrix is ignored, since the noisy chaotic time
series modeling is inherently an Errors-In-Variables (EIV)
problem[16]. Another drawback is the relationship between the
regularization parameter and the noise condition is not clearly
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explained, so the determination of regularization parameter
has to resort to some techniques such as cross validation.
In this study, local linear model is studied from the
perceptive of the EIV modeling, and the predictor is designed
by considering the noise both in coefficient matrix and
right-hand side. The optimal solution can be obtained by
second order convex programming (SOCP) if given a
perturbation bound of the noise. It is easy to show that the
solution can be reformulated as a form of Tikhonov-type
regularization, and it will also be shown how the
regularization parameter is related to the Frobenius norm of
the noise containing in coefficient matrix and right-hand side.
This paper is organized as following: In section II, main
results about the local linear model for noisy chaotic time
series are presented, and simulation results are given in
section III; Some conclusions are given in section IV.

II. NOISY CHAOTIC TIME SERIES BY LOCAL LINEAR MODEL
WITH TIKHONOV REGULARIZATION
A. Noisy Chaotic Time Series Prediction Problem and
Tikhonov Regularization
For a given chaotic time series {x(k), k = 1, 2, 3, …}, the
delay embedding state vector is defined as:
d(k ) = [ x(k ), x(k − τ ) , x(k − 2τ ), ...,
x(k − (m − 1)τ ) ]T

where m and τ are the embedding parameters of the time
series. According to the Takens’ theorem[17], if the
embedding dimension m is large enough, the evolution of
delay embedding vector d(k)→d(k+1) can recover the
original dynamic system without ambiguity. It is assumed
that the evolution of the delay embedding vector is described
by: d(k + 1) = F(d(k)), and we assume x(k) is available
through a measurement function g(·):
x(k ) = g (d(k )).
In the method of global modeling, for example, to get an
h-step ahead predictor, one can train a neural networks to
approximate the mapping: d(k)→x(k+h).
The noisy reference point at time k is denoted by:
d + (k ) = [ x(k ) + Δx(k ), x(k − τ ) + Δx(k − τ ) ,
x(k − 2τ ) + Δx(k − 2τ ), ...,
x(k − (m − 1)τ ) + Δx(k − (m − 1)τ ) ]T

where Δx(k) is the noise part of the time series at time k.
Let { d1+ (k ) , d +2 (k ) , d3+ (k ) , …, d +M (k ) } be the M nearest

neighbors of d+(k) in the noisy reconstructed phase space, and
let the coefficient matrix X∈RM, m:

WePI28.17
T

X = ⎡⎢⎣d1+ (k ) d +2 (k ) ... d+M (k )⎤⎥⎦
⎡ x (k ) + Δx1 (k )
x1 (k − τ ) + Δx1 (k − τ )
⎢ 1
⎢ x2 (k ) + Δx2 (k )
x2 (k − τ ) + Δx2 (k − τ )
= ⎢⎢
#
#
⎢
⎢ x (k ) + Δx (k ) x (k − τ ) + Δx (k − τ )
⎢⎣ M
M
M
M

"
"
(1)
"
"

x1 (k − (m −1)τ ) + Δx1 (k − (m −1)τ ) ⎤
⎥
x2 (k − (m −1)τ ) + Δx2 (k − (m −1)τ ) ⎥
⎥
⎥
#
⎥
xM (k − (m −1)τ ) + ΔxM (k − (m −1)τ )⎥⎥⎦

and vector y∈RM:
y = [ x1 (k + h) + Δx1 (k + h) x2 (k + h) + Δx2 (k + h)
" xM ( k + h ) + Δ xM ( k + h ) ]

T

(2)

Let {d1(k), d2(k), d3(k), …, dM(k)} be the above M phase
points in the noiseless phase space (without the noise part),
and let the coefficient matrix X0∈RM, m:
X 0 = [d1 (k ) d 2 (k ) ... d M (k ) ]

T

⎡ x1 (k ) x1 (k − τ ) ... x1 (k − (m − 1)τ ) ⎤
⎢ x (k ) x (k − τ ) ... x (k − (m − 1)τ ) ⎥
2
2
⎥
=⎢ 2
⎢
⎥
"
⎢
⎥
⎣ xM (k ) xM (k − τ ) ... xM (k − (m − 1)τ ) ⎦
and vector yd∈RM:
y0 = [x1(k + h), x2(k + h), x3(k + h), …, xM(k + h)]T,
where X=X0+ΔX, y=y0+Δy.
The M phase points {d1(k), d2(k), d3(k), …, dM(k)} cannot
be guaranteed to be the M nearest neighbors of noiseless
phase point d(k) in the noiseless phase space. In the noisy
reconstructed state space, both the reference point d+(k) and
potential neighbors are polluted by noise, and it will lead to
systematic bias in the local linear model if the noise level is
considerable, and it is the manner how the noise influence the
local model. So it is necessary to perform a nonlinear noise
reduction preprocessor step before the local model is built [15,
18]
. If the noise level is small, the data set X0 is approximately
linear with y0, that is to say, one can find a local linear model
with w∈Rm and scalar b∈R to fit the linear model:
y0 = X 0 ⋅ w + b
and the h-step ahead prediction for the noiseless prediction
origin d(k) is given by:
yd = wT d(k ) + b
and the h-step ahead prediction for the noisy prediction origin
d+(k) is given by:
yd+ = wT d(k ) + b
In prediction with noisy data, the original least squares
solution can have large variance. Regularization methods,
designed to be robust against noise, may provide better results.
The regularization is the technique of improving the original
ill-posed estimation method with the goals of stabilizing the
solution and obtaining a meaning solution [4]. There are
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mainly two categories of regularization techniques:
truncation methods[19] and Tikhonov-type methods[20]. In
truncation methods, “high frequency” components are cut out
of the original problem so that the remaining part of the
problem is well-conditioned. In Tikhonov-type regularization,
a penalty term is added, for example, the norm of the variable,
so that a trade-off obtained between the actual model fitting
and the variations in the solution. The Tikhonov
regularization problem in linear least square case is
formulated as:
2

min Xw − y 2 + μ w
w

2

(3)

2

which has the closed-form solution:
ˆ = [ X T X + μ I ]−1 X T y
w
(4)
where μ >0 is the regularization parameter. The method is
also called ridge regression (RR). The ill-conditioning of the
original least squares can be avoided in Tikhonov solution by
a properly chosen value of μ.
Generalized cross-validation (GCV) [21] offers a way to
estimate appropriate values for the regularization parameters
μ. The GCV criterion is a constant multiple of:
V (μ ) =

( I − H )y

2

(5)

(trace( I − H )) 2

where H=X(XTX+μI)−1XT. The GCV estimate is based on the
minimization of the PRESS criterion, which is equivalent to a
leave-one-out cross validation. There are also several other
criterion[22] such as the Akaike information criterion and the
more recently subspace information criterion[23]. In this paper,
we will focus on the “filter factors” and “Errors-in-Variables”
interpretations.
B. The “filter factors Interpretation” Revisited and the
Limitations
The SVD of X∈RM, m is defined as:
X = U ΣV T , U T U = I , V T V = I ,
Σ = diag (σ 1 , σ 2 ,..., σ r ),
Where r ≤ min(M, m) is the rank of X and σ1≥σ2≥…σr≥0 are
the non-zero singular values of X.
Consider the following estimator for w:

λi T
(6)
( ui y ) v i
i =1 σ i
Where Λ =diag(λ1,…, λr) are the filter factors. The
r

ˆ = V Σ −1ΛU T y = ∑
w

estimation differs in the choice of the diagonal elements
of Λ in different techniques. The bias and variance for the
prediction value yd+(for noisy prediction origin d+(k)) are
shown in [4]:
r

bias( yd + ) = ∑ (λi − 1)( vTi d(k ))( vTi w )
i =1

λ
σ
i =1
r

var( yd + ) = σ 2 ∑

2
i
2
i

(7)

{( (v d(k ))) + σ (v w) + σ }
T
i

2

2
i

T
i

2

2

(8)
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λi =

σ i2

(9)

σ i2 + μ
Since μ > 0, 0 <λi <1 for any i. It is clear from the
Eqs.(7)-(8) that the reduction of the filter factors λi will
decrease the variance of the predictor at the possible cost of
introducing extra bias in Eq.(7). The optimal trade-off
between bias and variance consists of finding the best filter
factors, in other word, finding the regularization parameter μ
for the Tikhonov regularization estimator (Eq.(4)).
In the results described above, there are some limitations
and unsolved questions:
1) It has been shown that the existence of the optimal
trade-off between bias and variance, but there is no
quantitative explanation of what the trade-off actually is.
Although the regularization parameter can be determined
by cross-validation (for example, as shown by Eq.(5)), the
relationships between the noise condition and the
regularization parameter are remained unexplored.
2) The modeling of noisy chaotic time series is
inherently an Errors-In-Variables problem, however, the
explanation of filter factors ignores the random
fluctuations in X, and takes it as a fixed value. It has been
pointed in [4], the analysis of influence of noise on the
prediction model is not available.
C. The “Errors-in-Variables Interpretation” and the
Regularization Parameter
When the time series being processed contains noise, both
the coefficient matrix X and the right-side vector y are
corrupted by noise.
For a given chaotic time series {x(i), i=1, 2, 3,…, N},
polluted by additive noise sequence {Δx(i), i=1, 2, 3,…, N}.
The coefficient matrix X and the right-hand side y of the local
linear model are denoted by Eqs.(1)-(2). Since both the
coefficient matrix X and the right-hand side y are corrupted
by random noise, the total least square is a suitable method[24].
Because the uncertainness in X and y is the interest, the
following formulation starts from the assumption of knowing
the information of the matrix [ΔX Δy]. In the robust
counterpart of total least square, the problem is solved by
finding the local linear model to minimize the worst
prediction error[25-27]:
min max ( X + ΔX )w − (y + Δy )
(10)
w

ΔX Δy

F

≤ρ

if the bound of Frobenius norm ρ of matrix [ΔX Δy] is known.
By triangle inequality, the worst prediction error in Eq.(10)
is:
X ⋅ w − y ⋅ ρ −1 +

2

w +1

(11)

The minimization of Eq.(11) can be reformulated as the
second-order cone program[28]:

The filter factors for the Tikhonov regularization
estimator(as shown in Eq.(4)) are given by:
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min λ
s.t. Xw − y ≤ ρ (λ − τ ),

(12)

⎡w ⎤
⎢1 ⎥ ≤τ
⎣ ⎦
The local linear model can be obtained if the solution to
Eq.(12) is found. The second-order cone program belongs to
a kind of convex optimization problems, and the solution can
be effectively obtained.
The dual problem to Eq.(12) is:
max (yρ −1 )T z − v
s.t. ( X ρ −1 )T z + u = 0
z ≤ 1,

(13)

⎡u ⎤
⎢v⎥ ≤ 1
⎣ ⎦
Using the constraints, it is followed that
⎡ w T 1⎤⎦
Xw − y
and ⎡⎣uT v ⎤⎦ = − ⎣
z=−
2
Xw − y
w +1

X ρ −1w − yρ −1
λ −τ
=
2
τ
w +1

w = [ X T X + μ I ]−1 X T y

μ = μ0 ρ 2 =

(λ − τ ) ρ

(15)
(16)

2

τ

bound ρ for each local model. For the bound ρ, Smaller or
larger values than ||[ΔX Δy]||F are not good choices. The
method is indicated by SOCP by Exact ρ in the following
demonstration.
In practical application, the exact information of norm for
matrix [ΔX Δy] is always unknown, since the noise is random.
||[ΔX Δy]||F can be estimated from the distribution of noise.
The method is indicated by SOCP by Estimated ρ.
To determine the local prediction model, the existing
method is to use ridge regression, and the regularization
parameter can be determined by GCV, and this method is
indicated by RR by GCV. The results of the ordinary least
squares (a non-EIV model) are also presented for
comparisons. The method is indicated by OLS.
The simulation is conducted in the MATLAB environment
running on HP Workstation xw8000, and the second-order
cone program is implemented by CVX[29] and SeDuMi[30]
toolbox.

(14)

From the equation constraints, the optimal w is:
w = (( X ρ −1 )T X ρ −1 + μ0 I ) −1 ( X ρ −1 )T yρ −1 ,
with μ0 =

WePI28.17

(17)

From the Eq.(17), it is known that the regularization
parameter is quantitatively related to the noise condition. In
Eq.(17), λ and τ are the results of the second-order cone
program of Eq.(12) and they can be determined if the norm
information of ρ is provided.
As shown above, Tikhonov regularization in the local
linear model for noisy chaotic time series can be well
explained by the Errors-in-Variables method. The first
advantage is that the relationship between the noise condition
and the regularization parameter μ is clearly indicated, and
another one is that the explanation is based on the
Errors-In-Variables model.
Now, there are at least two kind of methods to obtain the
local linear model: the one is to determine the regularization
parameter μ by some techniques such as cross validation, and
another one is to solve the second-order cone program posed
by Eq.(12) using the norm information of the matrix [ΔX Δy].
III. SIMULATIONS
Since the Eq.(10) describes a local model, there exists a
linear model for each point in the reconstructed phase space.
To solve the problem of Eq.(12), it is the best choice to take
the exact value of Frobenius norm of matrix [ΔX Δy] as the

A. Prediction of the Noisy Henon Time Series
The Henon system is described by the following coupled
equations:
x(k + 1) = 1 − a ⋅ x 2 (k ) + y (k )
y (k + 1) = b ⋅ x(k )
where parameters a =1.4, b = 0.3, and initial observation (x0,
y0) as (0, 0) are chosen to generate a time series. In
constructing the local linear model, the embedding dimension
is set to 4, and the noisy embedded data vector is:
d + (k ) = [ x(k ) + Δx(k ), x(k − τ ) + Δx(k − τ ) ,
x(k − 2τ ) + Δx(k − 2τ ), x(k − 3τ ) + Δx(k − 3τ ) ]T

at time k, where τ = 1 in the simulation. The target output is
the one-step-ahead value (y(k) = x(k + 1)) of the time series.
Length of the training sequence is 2000. Zero mean
Gaussian noise is added to the original Mackey-Glass time
series, and the noise level is 5%, the noise level is chosen the
same as [4].
In this simulation, the prediction performance is measured
by the root mean squared error on the new test sequence pairs
normalized by the variance of the original time series
(NRMSE).
Tn

NRMSE =

∑(y
i =1

d+

(i ) − y (i )) 2

Tn ⋅ σ 2

where y(i) denotes the target value, yd+(i) is the corresponding
prediction output, Tn is the number of the test examples, and
σ2 is the variance of the original time series. Tn=500 in the
simulation.
Table 1 contains the prediction results by the four kinds of
methods. For each method, the number of neighbor M is
chosen as 15. The NRMS errors are 7.8680e-2 and 8.0572e-2
for the SOCP by Exact ρ and SOCP by Estimated ρ, which
is better than the result of the RR by GCV(8.3915e-2). The
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NRMS error for the OLS is 9.0717e-2, which is the worst
prediction.
Table 1 NRMS error of one-step prediction of the Henon time series
pullulated by 5% Gaussian noise
Method
NRMS error
7.8680e-2
SOCP by Exact ρ
8.0572e-2
SOCP by Estimated ρ
8.3915e-2
RR by GCV
9.0717e-2
OLS

In the method of the SOCP, the key problem is the
information about [ΔX Δy]. If the exact information of the
uncertainness is known, the bound ρ for the matrix [ΔX Δy]
can be exactly determined for each local model, as a result,
the model can be accurate. If the distribution of the noise is
the only known information, one have to estimate ρ, as a
result, many local models will share the same ρ if the number
of neighbor is the same, and the prediction will be less
accurate. The result is confirmed by the comparison in Table
1.
The existing method of the RR by GCV provides another
method to determine the regularization parameter. In fact,
GCV belongs to a kind of generalization error criteria for the
model selection, and the optimal regularization parameter is
chosen by the cross validation techniques. The method relies
on the condition of the data, and does not use any prior
information about the uncertainness. As shown in Table 1, it
is not as good as the SOCP methods.
B. Prediction of the Noisy Mackey-Glass Time Series
The Mackey-Glass system is a time-delay differential
system with the form:
dx
α x(t − δ )
= β x(t ) +
dt
1 + x(t − δ )10
where x(t) is the value of time-series at time t. The system is
chaotic for δ > 16.8. The parameter values are chosen as β =
0.1, α = 0.2 and δ = 17. The data set is constructed using
second-order Runge-Kutta method with a step size of 0.1.
The noisy embedded data vector consists of four values of the
time series:
d + (k ) = [ x(k ) + Δx(k ), x(k − τ ) + Δx(k − τ ) ,
x(k − 2τ ) + Δx(k − 2τ ), x(k − 3τ ) + Δx(k − 3τ ) ]T

at time k, where τ = 6 in the simulation. The target output is
the 84-step-ahead value (y(k) = x(k + 84)) of the time series.
Length of the training sequence is 2000. Zero mean
Gaussian noise is added to the original Mackey-Glass time
series, and the noise level is 5%, and length of the test
sequence is 500.
The number of neighbor M is chosen as 10 in each local
model. Table 2 lists the NRMS error for the four methods.
The NRMS errors of the two SOCP methods are respectively
0.1355 (SOCP by Exact ρ) and 0.1383 (SOCP by
Estimated ρ), and the former is slightly better than the latter.
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The result of the RR by GCV is 0.1469, which is worse than
the two SOCP methods. The worst result is obtained by the
OLS method, and the NRMS error is 0.1702.
Table 2 NRMS error of 84-step prediction of Mackey-glass time series
pullulated by 5% Gaussian noise
Method
NRMS error
0.1355
SOCP by Exact ρ
0.1383
SOCP by Estimated ρ
0.1469
RR by GCV
0.1702
OLS

C. The Analysis of the Results
As shown in the simulations, the SOCP methods obtain
slightly better results than that of the RR by GCV. Both of
them are better than the OLS method. In fact, as shown in
Section II, the solutions for the SOCP methods and RR by
GCV have the same form:
w = [ X T X + μ I ]−1 X T y
as shown in Eq.(4) and Eq.(16).
The differences lie in the manner of the regularization
parameter determination. In the methods of SOCP, the
regularization parameter is automatically determined in the
optimal process if provided the information of matrix [ΔX Δy],
as shown by Eq.(17). When the exact information of [ΔX Δy]
is known, the prior uncertainness is imposed on the local
model exactly, and it is why it is better to known the exact ρ
than the estimated ρ. In the RR by GCV, the regularization
parameter is determined by the GCV method, without
knowing any information of the uncertainness in the data, but
the method is influenced by the condition of local data set.
In fact, the RR method can be derived from the perspective
of Errors-In-Variables model, which has been shown from
Eqs.(10)-(17). However, the “filter factors Interpretation”
does not take the RR as one of the Errors-In-Variables
method, and the “Errors-in-Variables Interpretation” gives
the answer.
If provided the information of [ΔX Δy], the Tikhonov
regularization is implemented in the SOCP process. This
point is similar to the fact that the Tikhonov regularization
can also be implemented by quadratic program (QP) in
support vector machines. The new results make use of the
SOCP, the reason lies in the need to impose the information
of uncertainness on the local model, and the explanation is
from the perspective of the Errors-In-Variables method.

IV. CONCLUSIONS
This paper studies the chaotic time series prediction
problem and Tikhonov-type regularization method for noisy
chaotic time series. The existing “filter factors Interpretation”
has two drawbacks in the explanation of Tikhonov
regularization in local model. One drawback in the
interpretation is the ignorance of the random noise in
coefficient matrix, another drawback is the relationship
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between the regularization parameter and the noise condition
is not clearly explained.
Based on the local data sets, the Errors-In-Variables model
is constructed since both the coefficient matrix and the
right-hand side are subject to noise. The optimal solution can
be obtained by second order convex program if given a
perturbation bound of the noise, and the solution can be
reformulated as a form of ridge-regression, and it has been
shown how the regularization parameter is related to the
Frobenius norm of the noise containing in coefficient matrix
and right-hand side. The results also indicate that the
ridge-regression can also be derived from the perspective of
the Errors-In-Variables model if the regularization is properly
chosen.
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